TR 4583 ABSTRACT Farfield directivity patterns for line-array transducers with finite-aperture pressure-release reflectors are calculated by using a two-dimensional source-strength integral method. The directivity patterns obtained with plane and wedge reflectors are shown for both single and multiple sources. Normalized radiation impedances are calculated in order to determine the sourcereflector and the source-source interactions. The effects of source size and reflector width are also investigated.
The accuracy of the numerical technique is determined by comparing calculated predictions with the measured nearfield and farfield pressure distributions from a line source at the focus of a parabolic reflector. Methods of resolving apparent anomalies in the numerical integral solution are also discussed. 
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where a m .(k) and bm-fk) are the undetermined Fourier coefficients, and VI is the perimeter distance of the coordinate i}(S}) on the i-th region (see figure 2 ).
The unknowns are the undetermined Fourier coefficients. For a surface of a given geometry, the regions are chosen so that the source distribution varies as smoothly as possible. At low frequencies, a few Fourier coefficients will often adequately describe the series. In this case, the number of unknowns (2M) can be taken to be less than the number of finite elements used for the numerical integrations. Therefore, there are fewer matrix elements than with TR 4583 conventional approaches. As the frequency increases, there is no advantage in the Fourier method because the maximum number of terms is necessary to obtain series convergence.
The unknown coefficients are found by satisfying boundary conditions that may be specified in terms of normal velocity, pressure, or mechanical impedance. Matrix manipulations are accomplished by using the method of least squares. More complete details of the numerical technique are found in reference 2.
NUMERICAL PITFALLS
When using a numerical integral method, one must be aware of the limitations of such an analysis. With the source-strength formulation, a solution involving a body at a Dirichlet eigenfrequency can be obtained only in a few particular cases, such as when the boundary conditions are specified in terms of zero pressure. However, by using an interior surface, solutions were calculated at or near Dirichlet eigenfrequencies of bodies with nonzero impedance or velocity boundary conditions. As shown by Porter and Rogers,4 the threedimensional problem of active transducer bands on a finite solid cylinder can be recast into the case of bands on an annular cylinder, thereby eliminating the lower eigenfrequencies of the original solid body. In two dimensions, the introduction of an inner surface not only raises the frequency of the first eigenvalue, but it does not affect the exterior solution to the original problem. Forinstance, the eigenfrequencies of infinite cylinders occur at the zeros of the zeroth-order Bessel function or at J 0 (ka) = 0, where k is the wave number and a is the radius of the cylinder. If the solid infinite cylinder is replaced by an infinite annular cylinder, the first Dirichlet eigenvalue occurs at a much higher frequency, as can be shown by solving the interior problem of the annulus with pressure-release boundary conditions. 5 Inasmuch as the inside of the annular surface is infinitely long, it should have no effect on the exterior solution. The eigenvalue problem for a cylindrical source was found to be unaffected by the presence of a pressure-release reflector.
The wave numbers corresponding to the Dirichlet eigenfrequencies of a plane reflector of width a and thickness t are given by
where m and n are integers. Eigenvalue effects occurring for nonzeropressure boundary conditions can be avoided either by choosing the reflector to be a fraction of a wavelength in thickness or by using an interior surface. However, one must also be careful not to model a reflector whose boundary conditions are specified in terms of velocity or nonzero impedance with a thickness less than about x/10. * As shown in figure 3,' the numerical solution for a plate of thickness x/10(kt=ff/5) with a vibrating element of kA= 1.0 on a rigid baffle with a dimensionless width of kd -13. 6 compares favorably with a series solution by Douglass" for a similar plate of negligible thickness. The numerical solution resulting from decreasing the plate thickness to x/20 is shown, in figure 4 , to be in poor agreement with the series solution for the radiation into the backward hemisphere. The comparisons continue to deteriorate when modeling plates thinner than those discussed above. For problems involving soft reflectors whose boundary conditions were satisfied in terms of pressure, the thinness of the reflector was not found to be critical to a solution. In all the following numerical examples, the reflectors were chosen to be x/10 thick.
COMPARISON OF NUMERICAL SOLUTIONS WITH NRL PARABOLIC-REFLECTOR DATA
To check the validity of the two-dimensional model, and also the accuracy of the numerical method, comparisons were made with reflector data from controlled experiments 7 performed at the Naval Research Laboratory (NRL). The data include radiation patterns obtained by using a USRD type F36 hydrophone 8 as the source and a pressure-release parabolic reflector. The hydrophone was 8 in. high and had an active diameter of 0.75 in. The reflector was 16 in. high and had a focal length of 4.0 in. and an aperture width of 28.4 in.; the surface of the reflector consisted of neoprene closed-cell rubber bonded to a copper sheet and was supported in a wooden frame. The frequencies considered in this experiment were such as to ensure that little radiation would be scattered into the backward hemisphere; hence, the specific modeling of the back of the reflector is unimportant. Comparisons between the experimental measurements and the median-plane patterns predicted by means of the numerical method are shown in figures 5 through 8. The curves show nearfield and farfield data at the ends of the experimental frequency range. At 10 kHz, 7.5 finite-elements per wavelength were used in modeling the reflector. For both the nearfield and farfield (figures 5 and 6), the computations follow the experimental data within 2 dB. Since the computation time increases by at least the square of the number of elements, at 40 kHz the reflector was modeled with 4.25 elements per wavelength to keep the total computer execution time* less than 20 minutes. As seen in figure 7 , the experimental measurements at 40 kHz are closely predicted in the nearfield. However, in the farfield, figure 8 , the measured side lobes are suppressed as much as 6 dB in comparison with the numerical predictions. It is expected that if the number of elements per wavelength were increased to 7.5 at 40 kHz, the model discrepancies would be decreased.
Other sources of error arise from the use of straight-line elements to model curved surfaces and the assumption that the rubber-air composite is 100 percent reflective. In the frequency range of concern in the next two sections, a computational time limit of 10 minutes allows the use of at least 7.5 elements per wavelength. Also, since the plane and wedge reflectors are modeled with line-segment finite elements, curvature errors will arise only from the modeling of the cylindrical sources.
MODELING OF A SINGLE SOURCE WITH A PLANE OR WEDGE REFLECTOR
To minimize the complexity of reflector construction, plane and wedgeshaped reflectors were investigated as a means of providing directionality for high-intensity sources. For long-range systems, where the time for ping return is substantial, broad transmit beams provide a means of minimizing the scan time. A minimum beamwidth of 90°, the width of the main lobe at the 3-dB downpoint, is desirable in this sense. In all the following examples, the sources are assumed to be vibrating uniformly with a unit velocity.
The method of images can be used as a guide to the expected forwardhemisphere patterns for a given placement of the source. The problem of a source near infinite-width wedge reflectors with opening angles of 180/n, *On the EXEC II system of the Univac 1100 computer. TR 4583 n = 1, 2, 3, ... is amenable to solution by a finite number of image sources. This is valid for either line sources or sources of finite radius. As an example, the solution to a line source placed at X/4 distance from a soft infinite plane is obtained by replacing the plane with an image source of opposite sign located at -X/4. In figure 9 , the image solution is compared in the farfield with that of the numerical integral solution for a X/50-radius source placed at X/4 distance from a 5X-wide pressure-release plane. As shown by the dashed curve, the image technique gives a solution only in the forward hemisphere. The integral solution, shown by the solid curve, illustrates the effects of the finite baffle by the radiation found in the backward hemisphere.
Next consider the effects of a finite-width soft reflector on a X/5-radius cylinder vibrating with uniform velocity. In figure 10 , the normalized farfield pattern when this cylinder is placed at X/4 distance from the center of a 5X plane reflector is compared with the pattern for a X/50-radius source placed at the same location. The larger source has a higher directivity, but to a first approximation the patterns are almost independent of the source size. With the X/5-radius source, the beamwidth is about 100°, and the normalized pressure is down 18 dB at 90°. The normalized radiation impedance per unit length was determined by integrating the pressure over the circumference of the cylinder and dividing by the product of the circumference times the pc of water. For the X/5-radius cylinder in front of the 5 X reflector, the calculated radiation resistance shown in table 1 is about 76 percent the value for the same size TR 4583 cylinder uniformly vibrating without the reflector. Thus, for a given velocity distribution on the transducer, the desired directivity is gained at the cost of a 1/4 decrease in power radiated from the source.
Ifor practical considerations, one would make the reflector as narrow as possible. Consider the effects of reducing the original 5 X-wide reflector by increments of 2X. As seen in figure 11 , placing the X/5-radius source at X/4 distance from the center of a 3X reflecting surface results in a 90° beamwidth. In the plane of the reflector, a 2-dB increase in intensity results from the 2 X reduction in reflector width. For a IX reflector, shown in figure 12 , the X/5-radius source gives about an 80° beamwidth. The intensity at 90° is down by only 11 dB, and significant radiation is scattered into the backward hemisphere. In both of the above figures, the comparison of a X/50-radius source with the X/5-radius source again shows the small effect of source size on the farfield patterns. As the data in table 1 show, the radiation resistance of the X/5-radius source increases by less than 3 percent as the reflector is reduced from 5X to IX.
To produce the desired broad beamwidths by using a soft plane reflector, the source has to be centered at X/4 distance from the midpoint of the reflecting surface. This location restricts the size of the cylindrical source to less than X/4 in radius. One method of increasing power output is to use a larger source with a wedge reflector. As an example, the calculated farfield pattern for a X/3-radius source placed at X/2 distance from the vertex of a 120° reflector is shown in figure 13 . This wedge reflector has a 5^/3 X/2 aperture. Some sacrifice of beamwidth is evident from the 75° forward beam, and at 90° the intensity is down by almost 24 dB. The normalized radiation resistance per unit length given in table 1 for the X/3-radius source is about 76 percent of the "free-field' radiation resistance of a X/3-radius source in the absence of the reflector. The pattern for the X/50-radius source with the 120° wedge reflector (as shownby the dashed curve in figure 13 ) has a similar shape to that produced by the X/3-radius source, but, in this case, the directivity is greater with the smaller source.
Although wedge reflectors with opening angles less than 120° would not be expected to give broad beamwidths, 90° wedge reflectors were investigated because the results could be compared with predictions calculated by the image method. The source was placed at X/2 distance so that the fields of all images would be in phase at 0°. In figure 14 , the image solution for a line source placed at X/2 distance from the vertex of a 90° wedge with an infinite aperture is compared with the finite-element solution for a X/50-radius source at X/2 distance from the vertex of a 90° wedge with a 5X/^2 aperture. The advantage of the TR 4583 numerical method is evident in that the image technique gives a solution only in the forward 90° sector.
The effect of source size on the patterns obtained with a 90° reflector is shown in figure 15 , where a comparison is made between radiation from a X/3-radius source and from a X/50-radius source, both placed at 0.55 X distance from the vertex of the 90° wedge. The source distance was changed to 0.55 X because placing a X/3-radius cylinder at X/2 distance from the vertex is a tight squeeze. Notice the essential lack of side lobes with either source. With the X/3-radius source, the radiation resistance, as given in table 1, is about 58 percent of that for the same size cylindrical source without a reflector. Not surprisingly, the power output of a single source is decreased significantly when a larger portion of its surface is in close proximity to the reflector.
MODELING OF MULTIPLE SOURCES WITH A PLANE OR WEDGE REFLECTOR
As another method of increasing power output, consider the effects of using two or more cylindrical sources with a single reflector. Curves proportional to the normalized radiation resistance per unit length, which are given in reference 9, show that, depending on the separation distance, the radiation resistance of each source can be increased or decreased with respect to that of a single source. It will be shown that by judicious placement of the sources one can both obtain the desired patterns and counteract undesirable source-reflector effects by utilizing the effects of interaction of the sources. Again, the method of images can be used in determining the placement of sources.
The first example of using multiple sources with a reflector is for two X/3-radius sources vibrating with unit velocity and placed at 0.55X and 1.25X distances from the vertex of a 90° wedge reflector with an aperture of 5X/V2. The resulting pattern, as shown in figure 16 , is a candidate for narrowbeam applications. The radiation resistance, given in table 2, for source 2 at 1.25 X distance differs by only 4percent from that for source 1 at 0.55 X distance. The radiation resistance of source 1 is about 2.05 times the value given in table 1 for a single X/3-radius source placed at 0.55X distance from the 90° wedge reflector. Now consider multiple sources near a finite plane reflector. The farfield pattern for two X/5-radius sources with a center-to-center separation of X/2, both placed at X/4 distance from a 5 X -wide pressure-release plane, is shown in figure 17 . Although the beamwidth is only about 40°, the low directivity of the TR 4583 pattern makes this configuration a possible candidate for long-range systems. The radiation resistance of each of the X/5-radius cylinders, as recorded in table 2, is about 1.35 times that for a single X/5-radius cylinder vibrating without the reflector. Notice that the dashed curve in figure 17 (for two X/50-radius cylinders and a reflector) varies considerably at wide angles from the pattern for the larger cylinders at the same locations.
The final example, shown in figure 18 , is the result of placing four X/5-radius sources in a line (with X/2 center-to-center spacing between cylinders) at X/4 distance from a 5 X-wide plane. The outside cylinders have radiation resistances that are 1.18 times the free-field value for a X/5 cylinder, and the radiation resistances of the inner cylinders are 1.44 times that of the outer ones. The main lobe of the pattern in figure 18 is similar to the narrow beam expected from a 90° wedge reflector. This configuration could be considered as an alternative method for obtaining high power with a narrow beamwidth.
TR 4583 CONCLUSIONS
A two-dimensional source-strength integral method has been used to predict radiation impedances and farfield patterns for line-array transducers placed near pressure-release reflectors. Calculations from the mathematical model compare favorably with experimental data from a line source at the focal line of a parabolic reflector. The agreement between theory and experiment supports the validity of the method, which was subsequently applied to predicting radiation patterns involving reflectors of other shapes.
For plane and wedge reflectors, the method of images is useful in determining the placement of sources for producing a desired pattern. For sources less than 1/4 wavelength in radius, the desired broad-beamwidth patterns can be obtained with plane reflectors; in order to limit the amount of radiation scattered into the backward hemisphere, the width of the plane reflector should not be reduced to less than 3 wavelengths. Placing a 1/3-wavelength-radius source at 1/2 wavelength from the vertex of a 120° wedge reflector permits increasing the power and still maintaining a broad beamwidth. For the examples of a single source with a reflector, the shape of the radiation patterns did not depend appreciably on the source size.
The directionality attained with a soft reflector is accompanied by a significant decrease in the radiation resistance of the source; therefore, the radiated power is reduced. The increased radiation resistances that result from the mutual interaction of properly spaced multiple sources can be utilized to offset the effect of the reflector. Therefore, in cases where the source size is restricted, the use of multiple sources provides an alternative method of increasing power output. 4in.
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